
Recall

10= ((xb) : Sup(m) <)
Co = ((XR) : litr = o S

Proposition
Co is not complemented in 10

Proof by contradiction : Suppose Co is complemented in 10

Claim 1 : There exists (fu)%
* auch that Co = Aberth

Pf : By assumption
,

there exists closed FC 10 such

that Io= C0F.

Put P:-> F be the projection,
Then Co = erP and P is bounded by closed graph thm.

T (xul
,
x10

,

write Xn= Yntzn with yutF
,
EnECo.

X= y + z with yeF, zECo

Assume XutX and In = Panty :

Since F is closed
, y'EF.

On the other hand
,
En = xn-yn+ x-y' ·

Since Co is closed
,
X- y'ECo

Now X= Y +z = y + (xy'l with Y , YEF
,
z
, X-y't Co.

By uniqueness of decomposition , y= y = PX
. /



Let en* 1-1 be the noth coordinate functional

and fu = entop .
Then fut (** and Co = kerp= Abarth

Claim 2 : For any LETo, 11R"
,

there exists Na CIN

such that NTNs is finite for anydB
P : Write [0

.
1 AR = (Uni

For
any & Eto . 1 &R

,

there exists a subsequence
(ruplt , such that Unt&
Put N : = \r : R= 1

,
2, ... 1.

For any 2B .

Take ECK-P1/4.

N := (npic= 1 , 2, .. ) , No = Cre : 1 = 1
,
2
,
..

For , t large enough , IUR-2KE
, Ine-B13.

Inm-re12K-p1-inm-al-Inc - 31 > 19-31/230.
Therefore NalNp is finite.

Claim 3 : Put Tackl = 1 h
If fe(e** with cotbert

,
then for any 130,

E = 34 t[0
, 11R : Hexalk, 7) is finite

Pf : Consider f : Relfi + :Inf.

We may assume f is real.

Let 2
, .. .

., &N + E.

Put Yjk=[N



Then X2j - Y ECo by Claim 2.

Thus fixal =flyj) for j = 1.
...,

N.

And [R : Yick1 = 1)1(k : Yjk) = 17 = 0 for its
Then 11 illo = 1.
Thus 11f11 >f)=(a) < NY.
Therefore

, N_
Proof of Proposition :

Let S:= -[0 . DeR : fixa) fo)

By Claim 3
,
S is countable.

But To
, 119D is uncountable.

Then there exists VETo
, 1AR such that

* E Aker(u) = Co

But Xy C since No is infinite.

Contradiction !

1


